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NEF CONES OF FIBER PRODUCTS AND AN APPLICATION
TO THE CONE CONJECTURE

CECILE GACHET, HSUEH-YUNG LIN, AND LONG WANG

ABsTrRACT. We prove a decomposition theorem for the nef cone of smooth
fiber products over curves, subject to the necessary condition that their Néron—
Severi space decomposes. We apply it to describe the nef cone of so-called
Schoen varieties, which are the higher dimensional analogues of the Calabi—
Yau threefolds constructed by Schoen. Schoen varieties give rise to Calabi—
Yau pairs, and in each dimension at least three, there exist Schoen varieties
with non-polyhedral nef cone. We prove the Kawamata—Morrison—Totaro Cone
Conjecture for the nef cones of Schoen varieties, which generalizes the work by
Grassi and Morrison.

1. INTRODUCTION

1.1. Cone Conjecture. To understand the geometry of a smooth projective vari-
ety X, studying the Mori cone of curves NE(X) and its dual, the nef cone Nef(X),
is central, especially from the viewpoint of the minimal model program (MMP).

An important part of the relationship between the Mori cone and the MMP is
captured by the Cone Theorem and the Contraction Theorem. These theorems
assert that the Kx-negative part of the Mori cone of a smooth projective variety
X is rational polyhedral away from the K x-trivial hyperplane, and the extremal
rays of the K x-negative part correspond to some morphisms from X, involved in
the MMP. In particular, when X is a Fano variety (namely, —Kx is ample), the
cone Nef(X) is a rational polyhedral cone, and its extremal rays are generated by
semiample classes. In general, however, it is difficult to describe the whole Mori
cone, or dually the whole nef cone, even under the slightly weaker assumption that
—Kx is semiample. For instance, if X is the blowup of P? at the base points of
a general pencil of cubic curves in P2, then — Ky is semiample but Nef(X) is not
rational polyhedral.

When X is K-trivial, we expect nevertheless that some essential parts of the
nef cone of X are rational polyhedral, up to the action of Aut(X). A precise
statement, known as the Cone Conjecture, was first formulated by Morrison [26]
and Kawamata [16]. It was later generalized by Totaro [37] to klt Calabi—Yau pairs
(X, A) (see Section 22)), thus including much more examples, already in dimension
2.

In this work, we study the Cone Conjecture for the nef cones of certain Calabi-
Yau pairs. Let us recall the statement of the Cone Conjecture for nef cones for-
mulated by Totaro in [37, Conjecture 2.1] (in the absolute situation). For a pair
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(X, A), we define
Aut(X, A) := { f € Aut(X) | f(supp(A)) = supp(A) } .
We also define the nef effective cone Nef®(X) as
Nef®(X) := Nef(X) N Eff(X),
where Eff(X) is the effective cone of X.

Conjecture 1.1 (Kawamata—Morrison-Totaro Cone Conjecture). Let (X,A) be a
kit Calabi—Yau pair. There exists a rational polyhedral cone 11 in Nef®(X) which is
a fundamental domain for the action of Aut(X,A) on Nef®(X), in the sense that

Nef“(X)= | o'
geEAut(X,A)

and II° N (¢*I1)° = & unless g* = id.

An important prediction of the Cone Conjecture to the Minimal Model Program
is that the number of Aut(X, A)-equivalence classes of faces of the nef effective cone
Nef®(X) corresponding to birational contractions or fiber space structures is finite
(see e.g. [37, p.243]).

There is also a birational version of Conjecture[I.1] involving the action of pseudo-
automorphisms on the movable cone (see e.g. [37, Conjecture 2.1.(2)]), which we
will not study here.

Thanks to the fundamental work of Looijenga [24], it is natural and well-known
to divide Conjecture [Tl into two parts as follows (see Corollary 2.6). Let Neft(X)
denote the convex hull of

Nef(X) N N (X))o,
where N1(X)g is the rational Néron—Severi space of X.

Conjecture 1.2. Let (X, A) be a kit Calabi-Yau pair.

(1) There exists a rational polyhedral cone in Nef™ (X)) which is a fundamental
domain for the action of Aut(X,A) on Neft(X).
(2) We have

Nef ™ (X) = Nef®(X).

Let us note that in Conjecture [L21(2), the inclusion Nef®(X) C Nef™(X) is
known in general (see [23] Lemma 5.1]), while the reverse is still wide open even in
dimension 3.

1.2. Nef cones of fiber products. The starting point of this work is a decompo-
sition theorem for the nef cone of a fiber product over a curve.

It begins with the following general question. Let W; and W3 be smooth projec-
tive varieties and let ¢y : W7 — B and ¢9 : Wy — B be surjective morphisms
with connected fibers over a smooth base B. Assume that the fiber product
W .= Wi x g Ws is smooth.

Question 1.3. Let p; : W — W; be the projection. When do we have
(1.1) piNef(W7) + piNef(W3) = Nef(W)?
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As the nef cone Nef(X) of a smooth projective variety X spans the whole space
NY(X)gr of numerical classes of R-divisors, such a decomposition exists only if

(1.2) PIN' (W) + ps N (W) = N (W)k.

We may then ask which fiber products satisfying the decomposition (I.2) also have
the decomposition (LII).

When B is a point, it follows from the projection formula that (2] implies (II]).
When B is P! and the varieties W; are certain rational elliptic surfaces, the decompo-
sition ((LI]) was proven in [12] Proposition 3.1]. We show that the implication (L.2])
= ([LI) continues to hold for an arbitrary fiber product over a curve.

Theorem 1.4. For i = 1,2, let ¢, : W; — B be a surjective morphism with
connected fibers from a smooth projective variety to a smooth projective curve B.
Assume that

(1) the variety W = Wy x g Wy is smooth;

(2) we have

PIN' (W) + psN' (Wa)r = N*(W)g.
Then
piNef(W7) + psNef (W) = Nef (W).

As a consequence, we also have pi Amp(W1) + p5 Amp(Ws) = Amp(W).

In Examples and [B.6] we construct explicit examples of fiber products over
bases of dimension at least 2 that fail the implication (L2)) = (L.II).
Theorem [[.4] has the following corollary.

Corollary 1.5. In the setting of Theorem[I]] E € Nef(W;) is extremal if and only
if pfE € Nef(W) is extremal. As a consequence, Nef(W) is rational polyhedral if
and only if both Nef(W1) and Nef(Ws) are rational polyhedral.

It provides a way of constructing fiber products (over curves) whose nef cones
are not rational polyhedral.

1.3. Cone Conjecture for Schoen varieties. Among the strict Calabi-Yau man-
ifolds (see Definition 2.2]) whose nef cones are known to be non rational polyhedral,
to our knowledge, the Cone Conjecture is known so far for only two special cases.
One of them is the desingularized Horrocks—Mumford quintics, studied by Borcea
in [] (see also [11]); the other is the fiber product of two general rational elliptic
surfaces with sections over P! constructed by Schoen in [34], and investigated by
Namikawa and Grassi-Morrison [28, [I2]. Both examples are of dimension three.

The main goal of this paper is to prove the Cone Conjecture for higher dimen-
sional generalizations of Schoen’s Calabi—Yau threefolds. These are a certain type
of fiber products over P! as in Theorem [[4] which we call Schoen varieties.

Let us first summarize the construction of Schoen varieties; we refer to Subsec-
tions 4.1l and for more details. Let Z; and Z5 be Fano manifolds of dimension
at least two. For ¢ = 1,2, let D; be an ample and globally generated divisor on
Z; such that —(Kz, + D;) is globally generated. Let W; C P! x Z; be a general
member in the linear system |Op1 (1)K Oy, (D;)|. We have a fibration ¢; : W; — P1L.
Consider the fiber product over P!:

¢ X =Wy xp1 Wy — PL.
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Such a smooth projective variety X is called a Schoen variety under an extra assump-
tion (see the second paragraph of Subsection [d.2]). It follows from the construction
that —K x is globally generated, so X has many effective Q-divisors A which are
Q-linearly equivalent to —Kx. Any such A forms a Calabi-Yau pair (X, A), that
we call a Schoen pair.

We prove the following result.

Theorem 1.6. Let (X,A) be a Schoen pair. Then there exists a rational polyhe-
dral fundamental domain for the action of Aut(X,A) on Nef®(X) = Nef"(X) =
Nef(X).

Note that, by Corollary [[L5], the cone Nef(X) is not rational polyhedral as long
as one of Nef(W;) and Nef(W53) is not. This is the case when there exists ¢ such
that Z; = P? and D; = - K z, (in which case W; is a rational elliptic surface). In
particular, our construction provides the first series of strict Calabi—Yau manifolds,
and also Calabi—Yau pairs in arbitrary dimension, for which the Cone Conjecture
holds and whose nef cones are not rational polyhedral (see Example [B.6]). We also
note that X is a complete intersection of two hypersurfaces, which are nef but not
ample, in the Fano manifold P! x Z; x Z,. That the cone Nef(X) may admit
infinitely many faces resonates with Theorem [[.7 below.

As well-known corollaries of the Cone Conjecture, we also obtain the finite pre-
sentation of the group of components moAut(X) and the finiteness of real structures
on X up to equivalence; see Corollary (.71

1.4. Relation to other work.

1.4.1. Cone Conjecture. We refer to [22] and the references therein for a survey
of the Cone Conjecture without the boundary (namely with A = 0). As for the
Cone Conjecture for Calabi—Yau pairs, the 2-dimensional case was proven by To-
taro [37]. Kopper proved the Cone Conjecture for Calabi—Yau pairs arising from
Hilbert schemes of points on certain rational elliptic surfaces in [20]. In this case,
the nef cone may admit infinitely many faces, while the dimensions of these varieties
are always even. See also [I10, 23] for some recent results.

1.4.2. Cone Conjectures for varieties with rational polyhedral nef cones. One way
of proving the Cone Conjecture for a smooth projective variety X is to show that
Nef(X) is a rational polyhedral cone and that Nef(X) = Nef®(X) (see e.g. |21l
Proposition 6.5]). This is the case when X is a smooth anticanonical hypersurface
in a Fano manifold Y with dimY > 4 [I, Proposition 3.5] (based on [3] due to
Kollar).

Theorem 1.7. Let D be a smooth anticanonical hypersurface in a Fano manifold
Y of dimension at least 4. Then the natural restriction map Nef(D) — Nef(Y)
is an isomorphism. In particular, Nef(D) is a rational polyhedral cone which is
generated by classes of semi-ample divisors.

See [30] [7, [8], due to Coskun and Prendergast-Smith, for other examples of
varieties X whose nef cones are rational polyhedral with Nef(X) = Nef®(X).

1.4.3. Fiber product constructions. Constructing Calabi—Yau threefolds as fiber prod-
ucts of two general rational elliptic surfaces with sections over P! was first con-
sidered and investigated by Schoen [34]. It recently came back to light as Suzuki
considered a certain higher-dimensional generalization of Schoen’s construction and
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studied its arithmetic properties in [35]. Similar ideas are also involved in Sano’s
constructions of non-Ké&hler Calabi-Yau manifolds with arbitrarily large second
Betti number in [32].

1.4.4. Cone conjecture for movable cones. We have already mentioned the Cone
Conjecture for movable cones [37, Conjecture 2.1.(2)]. In particular, it predicts that
a Calabi-Yau variety has only finitely many minimal models up to isomorphisms;
see [27) [16], 37, [22] for more details. This conjecture was verified for some cases.
In [6], Cantat and Oguiso produced the first series of strict Calabi—Yau manifolds
in arbitrary dimension whose movable cones are not rational polyhedral and for
which the Cone Conjecture for movable cones holds. We refer to [38] and references
therein for more examples.

In [28] Namikawa showed that for a certain Schoen threefold (which is a Calabi—
Yau threefold), the number of its minimal models up to isomorphism is finite. It
would be interesting to investigate a similar problem in arbitrary dimension.

1.5. Structure of the paper. Sectionlis devoted to some preliminary and funda-
mental results. We will prove Theorem [[.4lin Section Bl After constructing Schoen
varieties and Schoen pairs in Section dl we will prove Theorem in Section
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2. PRELIMINARIES

We work over the field C of complex numbers throughout this paper. For basics
of birational geometry, we refer to [19].

2.1. Notation. We start with some notations. Let X be a normal projective vari-
ety. We write N1(X) for the free abelian group generated by the classes of Cartier
divisors modulo numerical equivalence.

Inside the vector space N*(X)g := NY(X) ® R, we denote by Nef(X) the nef
cone, i.e., the closure of the ample cone Amp(X), and by Eff(X) the effective cone.
The nef effective cone Nef®(X) is defined as

Nef®(X) := Nef(X) N Ef(X).
Let Nef (X) denote the convex hull of
Nef(X) N N (X))o,

where N'(X)g := N1(X) ® Q. We denote by N;(X) the group of 1-cycles modulo
numerical equivalence. The intersection product defines a perfect pairing between
two vector spaces N'(X)g and Ni(X)g. Under this pairing, the nef cone Nef(X)
is dual to the Mori cone NE(X), which is the closure of the convex cone of effective
1-cycles in Ny (X)g.



6 CECILE GACHET, HSUEH-YUNG LIN, AND LONG WANG

The group of automorphisms of X is denoted by Aut(X), and acts on N'(X) by
pullback. This action
p: Aut(X) — GL(N'(X))
linearly extends to N'(X)g, preserving the cones Nef®(X) and Nef'(X). The

connected component of the identity in Aut(X) is a normal subgroup Aut’(X),
which acts trivially on N!(X) [5, Lemma 2.8].

2.2. Klt Calabi—Yau pairs. A pair is the data (X,A) of a normal projective
variety X together with an effective R-divisor A on X such that Kx + A is R-
Cartier.

Definition 2.1. Following [37], we say that a pair (X, A) is Calabi-Yau if X is
Q-factorial and Kx + A is numerically trivial.

Let us briefly recall the definition of a klt pair. For any pair (X, A) and any
birational morphism p : X — X, there exists a unique R-divisor A on X such that

Kg—kﬁ:u*(KX—l—A) and A = A.

A pair (X, A) is called kl¢ (short for Kawamata log terminal), if for any birational
morphism g : ()Z ,Z) — (X,A) as above, each irreducible component of A has
coeflicient less than one. It suffices to check this property for one resolution X of
X where A has simple normal crossings.

Definition 2.2. Let X be a smooth projective variety. We say that X is a Calabi-
Yau manifold if the canonical line bundle Kx is trivial and h*(X,Ox) = 0 for any
0 <7 < dim X. Ifin addition, X is simply-connected, it is called a strict Calabi—Yau
manifold.

2.3. Looijenga’s result. We will use the following crucial result in this paper.

Proposition 2.3. Let X be a normal projective variety and let H < Aut(X) be a
subgroup. Assume that there is a rational polyhedral cone TI C Nef™ (X)) such that
Amp(X) C H -1II. Then

(1) H-TI = Nef™(X), and the H-action on Neft(X) has a rational polyhedral
fundamental domain.
(2) The group p(H) is finitely presented.

Such a result and related statements are well-known to experts. We include
a proof for the sake of completeness. It relies on the fundamental results due to
Looijenga [24, Proposition 4.1, Application 4.14, and Corollary 4.15], which we
extract and formulate here as Lemma 2.4l Recall that a cone C C Np in a finite
dimensional R-vector space N is called strict if its closure C C Ng contains no
line.

Lemma 2.4. Let N be a finitely generated free Z-module, and let C' be a strict
convex open cone in the R-vector space Ny := N @ R. Let CT be the convex hull of
CNNg. Let (CV)° C Ny be the interior of the dual cone of C. Let T be a subgroup
of GL(N) which preserves the cone C. Suppose that:
e there is a rational polyhedral cone I C CF such that C C T -11;
e there exists an element £ € (CV)° N N(S whose stabilizer in T' (with respect
to the dual action T O Ny ) is trivial.
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Then I' -1l = C* and the T'-action on CT has a rational polyhedral fundamental
domain. Moreover, the group T" is finitely presented.

Lemma 2.5. There exists an ample class 1 € N*(X) such that for every g €
Aut(X), we have g*n = n if and only if g* acts trivially on N*(X).

Proof. Our proof is inspired by the argument of [2I Proposition 6.5].

Let T' := p(Aut(X)) € GL(N'(X)) and for every § € N'(X), let T'y be the
stabilizer of 6 of the T'-action on N!(X). It suffices to find an ample class n € N1(X)
such that I'y, is trivial.

By Fujiki-Liebermann’s theorem [5, Theorem 2.10], the action of T on C N N
has finite stabilizers. Take an element § € C' N Ng such that the order of the
stabilizer I'y is minimal. Since the I'-action on Ny preserves N, we can find an
open neighborhood U C C of 6, such that yUNU = & for every v ¢ I'y. Thus,
for every ' € U N Ng, we have I'gy C TI'y, which then implies Ty = T'g by the
minimality of I'p. It follows that every v € I'g satisfies v|unn, = idunn,, and since
~v acts linearly, necessarily v = id. This proves that § € C'N Ng has trivial stabilizer,
and so do some positive multiple n € C N N of 6. O

Proof of Proposition[Z3. In Lemma 24l now set N = N*(X), C = Amp(X), and
[ = p(H). By Lemmal[24] it suffices to construct an element £ € (CV)° N Ny with
trivial stabilizer with respect to the induced I'-action.

For every 6 € N, let I'g be the stabilizer of 6 of the I'-action on N. Choose any
€ € (CV)°. Since &(x) > 0 for any z € C'\{0}, the subset

{zeC|t@)<r}cV
is bounded, so compact for any r > 0. Since C' N N is discrete, among
Y:={neCnNN|T,is trivial },

which is nonempty by Lemma [Z5] there are only finitely many n € ¥ minimizing
{|s. Again, as C'N N is discrete, we can perturb { and obtain § € (CV)° N Ng
such that there is a unique 7 € ¥ minimizing &|s. As X is [-invariant, we have

(¥60)(n) = &o(ym) > &o(n)

for every v ¢ I',,. Since n € X, the stabilizer I',, is trivial, so the stabilizer of §, in
T is trivial as well. ]

Corollary 2.6. Conjecture[I.1] and Conjecture .2 are equivalent.

Proof. 1t is clear that Conjecture implies Conjecture [[J] Now assume Con-
jecture [[LJl Let II be a rational polyhedral fundamental domain for the action of
Aut(X,A) on Nef®(X). Then I C Nef" (X). By Proposition Z3(1),

Nef®(X) = Aut(X,A) - I = Nef T (X).
So Conjecture holds. O

3. THE NEF CONE OF A FIBER PRODUCT OVER A CURVE

We now prove Theorem [I.4] about the decomposition of the nef cone.
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For i = 1,2, recall that ¢; : W; — B is a surjective morphism with connected
fibers from a smooth projective variety to a smooth projective curve B. We consider
the fiber product

W = W1 XB W2

W1 p W2 .

B

and work under the following assumptions:

(1) the variety W = Wy x g Ws is smooth;

(2) for every D € N'(W)g, there exist D; € N'(W1)g and Dy € N1 (Ws)g

such that
D = piD1 + pyDs.
Proof of Theorem[I.7} Let D € Nef(W) and let
D =piDi+p3Ds € N'(W)e

be a decomposition as in (2).
First, note the following simple fact.

Lemma 3.1. Let C; C W; be an irreducible curve. If ¢;(C;) is a point, then
D;-C; > 0.

Proof. We may only consider i = 1. Choose any point s € ¢y (#1(C1)) and let
Cy :=C1 xp {s} C W. We have
0<D-Cy = (piD1 +P§D2)'a=D1 -p12C1 + Dy - p2.Cy = Dy - C1.
This proves the assertion. ([
We use this fact to prove the following two lemmas.
Lemma 3.2. FEither D1 or Dy is nef.

Proof. Assume by contradiction that both D; and Dy are not nef. Then for each
1, there exists an irreducible curve C; C W; such that D, - C; < 0. By Lemma B.1],
we have ¢;(C;) = B, so C = C1 xp Cs is a curve. Let 81, 82 € Z~( be such that
Pi*é = BzCz Then

0> 1Dy Cy+ 2Dy - Cy = (pi D1 +p3D2)-C =D -C >0,
which is a contradiction. [l

Now we fix a point b € B.

Lemma 3.3. For ¢ = 1,2, there exists N; € R such that the divisor D; + ng;b is
nef if n > Nj.
Proof. We may only consider the case when ¢ = 2.
Let C; C W1 be an irreducible curve such that ¢1(C7) = B. Define
Dll = Dl — NQQZﬁb and D/Q = DQ + Nggb;b

where

Mo DG
deg(C; — B)
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By construction, we have
D} -Ci1=0and D =piD] + p5Dj.

Let us show that D) is nef. Let Co C Wy be an irreducible curve. If ¢2(Co)
is a point, then D} - Cy > 0 by Lemma Bl Suppose now that ¢2(C2) = B. Set
C := (1 xg Oy and define 31, 82 € Z~¢ such that p;.C = 3;C;. We have

BaDy - Co = 1D - Cy + 2Dy - C
= (piD} +p5Dy) - C
=D-C>0.
This shows that D) is nef. Hence, for n > Nj, the divisor
Dy + n¢sb = Di + (n — Na)gpsb
is nef. O

We can now resume the proof of Theorem [[L4l For any ¢ € R, let
D;(t) := Dy —tpib and Ds(t) := Do + td3b.
By Lemma [3:3] there exist
I =] — 00, —Nimin] and Iz = [Nz min, +00]
such that D;(¢) is nef if and only if ¢ € I;. Since we have
D = piDy(t) + paDa(),

Lemma shows that either D (¢) or Ds(t) is nef, namely, I; U s = R. Thus,
I N I5 is non-empty. As both Dq(t) and Ds(t) are nef whenever ¢t € I1 N Iy, this
gives a desired decomposition.

The last statement about the decomposition of the ample cone follows from [31,
Corollary 6.6.2]. O

Remark 3.4. In the setup of Theorem [[L4] we also have the decomposition of the
relative nef cone

Nef(W/B) = piNef (W1 /B) + piNef (W3 /B)
by the projection formula — this is exactly Lemma [3.11
Now we prove Corollary

Proof of Corollary[I.3. We may assume ¢ = 1.

First assume that p}F is extremal. Let F = F 4+ F’ be a decomposition with
F,F’" € Nef(W7). Then p{E = piF + piF’ with piF,p;iF’ € Nef(W), and thus,
piF and p}F’ are proportional by assumption. Since p; : N} (W1)g — NY(W)g is
injective, F' and F’ are proportional as well. This shows that F is extremal.

Next assume that E € Nef(W7) is extremal. Let pfE = D 4+ D’ be a decompo-
sition with D, D’ € Nef(W). Up to adding terms to D', we can assume that D is
extremal. By Theorem [[L4] we can write

D =pi{Dy + psDy, and D' = piD)| + p3D)

with D;, D} € Nef(W;). As D is extremal, the divisors D, pjD; and p5Ds are
proportional. Moreover pi(E — Dy — D)) = p5(D3 + D)) € Nef(W). Hence, by the
projection formula, £ — D7 — D] is nef. But E is extremal in the cone Nef (W), so
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E, Dq, and D} are proportional. In particular, piE, pj D1, p; D} and p5Dy are all
proportional, which concludes the proof. O

Now we construct fiber products showing that Theorem [[.4] fails in general when
dim B > 2. First we construct such examples of fiber products over a surface.

Example 3.5. Take S := P2, and take four points P, P», P3, P, in S so that no
three of them lie on a line. Let ¢; be the line through P;, P>, and let /5 be the line
through Ps, P,. Take

W1 = B1p17p2(8) and W2 = B1p37p4(S).
As the blown-up points are distinct, W := Wi x W5 is isomorphic to Blp, p, p, p,(5),
which is smooth. Moreover, the decomposition of the Picard group
Pic(W) = piPic(W7) + p3Pic(Ws)

clearly holds.

Denote by ¢; and ¢, the strict transforms of ¢ and ¢5 in W3 and W5 respectively.
Then £} is an effective non-nef divisor on W; as (£;)> = —1. Let

D :=pili + p3ls.
We show that D is nef; this also shows that Lemma fails when dim B > 2. As
D is effective, it is enough to check that its intersections with its components are
all non-negative. By symmetry, it is enough to compute
D-pity = (1) + 0y -5ty = —14+1=0.

So D is nef, and has vanishing intersection with the curves pi¢} and p3/¢5.

Now assume by contradiction that D has another decomposition D = piD; +
p5 Do with D; € Nef(W;). Then we have
pi(ty — D1) = p3(D2 — 63).
As pINY(Wh)r N ps N1 (Wa)r clearly has dimension one, it equals R[p*¢], where
p: W — S is the blow up, and £ is a line passing through none of Py, P>, P3, P, in
S. Tt follows that
pi(ly — D1) = p3(D2 — ) = cp™{
for some ¢ € R.
Since
piD1 - pil; +p3Dy - pily = D - pil; = 0,
and both pi Dy and p3Ds are nef, we have pfD; - pf¢; = 0. Thus
—1=pily - pi(ty — D1) = cpity -pl=c
and similarly,
1= p3ly - p5(Da = £y) = cp3ly - p™l = c,
which is a contradiction.

Example 3.6. As for examples of fiber products over a base of higher dimension,
we continue with the notations of Example B.5] and introduce

W xT =Wy xT)xgxr) (Wa xT)
where T' is an arbitrary smooth projective variety. As in Example B35 W, W7 and
W5 are rationally connected, hence have trivial irregularity, so that

NYZ x T)r = py N (Z)r & pp N (T)g,
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for Z = W, Wy or Wy. This implies that
NY(W x T)g = (p1 x idp)*N'(Wy x T)g + (p2 x idp)*N* (W x T)g.
Note that by the projection formula,
Nef(Z x T') = p5Nef(Z) @ pi-Nef(T),
for Z =W, Wy or Ws. So, if we assume by contradiction that
Nef(W x T') = (p1 X idp)*Nef (W7 x T') + (p2 x idy)*Nef (W x T),
we get Nef(W) = piNef (W) + p5Nef (W), which contradicts Example
For a morphism 7 : X — Y, we define
Aut(X/Y) ={g € Aut(X) | mog =7}.
We have the following corollary of Theorem [
Corollary 3.7. For i = 1,2, let ¢; : W; — B be a surjective morphism with

connected fibers from a smooth projective variety to a smooth projective curve B.
Assume that

(1) the variety W = W1 x g Wy is smooth;
(2) it holds
PIN' (Wi + ps N (Wa)r = N* (W),
where p; denotes the projection from W onto Wj.
For i = 1,2, let H; < Aut(W;/B) be a subgroup. Let H < Aut(W) be a sub-
group containing Hy x Hy. Assume that there exists a rational polyhedral cone

II; C Neft(W;) such that H; - TI; D Amp(W;). Then Neft (W) admits a rational
polyhedral fundamental domain for the H-action.

Proof. Let II be the convex hull of piII; + p5II5. Then II is a rational polyhedral
cone contained in Nef™ (). Moreover,

Amp(W) C (Hy x Hy) - Tl C H-TI

as pyAmp(W1) + psAmp(Ws2) = Amp(W) by Theorem 4l The existence of a
rational polyhedral fundamental domain then follows from Proposition [Z3l(1). O

4. CONSTRUCTION OF SCHOEN VARIETIES

Schoen varieties will be constructed as a fiber product of two fibrations over P!.
Let us first construct these fibrations.

4.1. The factor W with a fibration over P'. The construction relies on a pencil
of ample hypersurfaces in a Fano manifold.

Let Z be a Fano manifold of dimension at least 2, and let D be an ample divisor
in Z such that both Oz (D) and Oz(—Kz — D) are globally generated. Note that
Oz(—Kz) is then globally generated as well.

Example 4.1. Take any toric Fano manifold Z of dimension at least 2. Since nef
line bundles on a projective toric manifold are globally generated, any decomposi-
tion —Kz = D + D’ as the sum of an ample divisor D and a nef divisor D’ yields
a pair (Z, D) satisfying the above condition.
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Let W C P! x Z be a general member of the ample and basepoint-free linear
system |Op1 (1) X Oz (D)|. We have a fibration ¢ : W — P! via the first projection,
and the second projection ¢ : W — Z is the blow-up of Z along the smooth
subvariety Y of codimension two cut out by the members of the pencil in |D]
defined by W. Since Z is Fano, W is rationally connected. By construction, the
rational curve e !(y) ~ P! for any y € Y is a section of ¢ : W — PL.

Note that

(4.1) Ow(—Kw)=(0p(1)XOz(—Kz — D)) |lw

by the adjunction formula. So Ow (—Kyw) is globally generated; in particular, it is
nef and effective.

The following lemma describes W when dim W = 2. Recall that a smooth
projective surface S is called weak del Pezzo if its anticanonical divisor —Kg is nef
and big.

Lemma 4.2. If dimW = 2, then either D € | — Kz| and W 2, P! 4s a rational
elliptic surface with —Kw globally generated, or W is a weak del Pezzo surface.

Proof. Since W is rationally connected and dim W = 2, we know that W is rational.

If D e|— Kgz|, then Ow (—Kw) = ¢*Opi1(1). So —Kyw is globally generated
and W is a rational elliptic surface.

Suppose that D ¢ | — Kz|. As —Kz — D is effective and —Kz and D are ample,
we have —Kz(—Kz — D) > 0 and D(—Kz — D) > 0, and thus,

K% >-Kz-D > D>

As W is the blowup of Z at (D?) points, we have K2, = K% — D? > 0. Since —Kw
is nef, W is a weak del Pezzo surface. O

The nef cone of W constructed as above has the following properties.

Proposition 4.3. We have
Nef®(W) = Nef ™ (W) = Nef(W).

Moreover, if dim W > 3, or if W is a weak del Pezzo surface, then the cone Nef(W)
is rational polyhedral, spanned by classes of semiample divisors.

Proof. We start with the last statement, which is a corollary of some known results.
If W is a weak del Pezzo surface, then W is log Fano (see e.g. [25], Proposition 2.6]).
Hence by the Cone Theorem [I9, Theorem 3.7], its nef cone is a rational polyhedral
cone spanned by classes of semiample divisors. Assume that dimW > 3. Since
P! x Z is a smooth Fano variety of dimension > 4, and W C P! x Z is a smooth
ample divisor such that

Opixz(=Kpixz = W) =0z(-Kz — D)X Op:(1)

is nef, by [I, Proposition 3.5] (based on [3, Appendix]|) we have

j« : NE(W) = NE(P' x 2)
where j : W — P! x Z is the inclusion. As the nef cone is dual to the Mori cone,
we have

§* : Nef(P! x Z) =5 Nef(W).
Since Nef(P! x Z) is rational polyhedral and spanned by classes of semiample
divisors, so is Nef(W).
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Now we prove the first statement. Since it holds in particular if Nef(W) is
rational polyhedral spanned by classes of semiample divisors, by the last statement
of Proposition and Lemma it remains to study the case where W is a
rational elliptic surface. Clearly Nef®(TW) and Neft (W) are subcones of Nef(W).
Moreover, Neft (W) C Nef®(W) by [37, Lemma 4.2, so we only need to show
that Nef (W) = Neft(W). This follows from [29, Corollary 3.3.(c)] that as a cone,
NE(W) is generated by curve classes, and that Nef(W) is dual to NE(W). O

Finally, note that if D € | — K|, then by (@], a general fiber of ¢ : W — P! is
a smooth K-trivial variety. If W has dimension 2, it must be an elliptic curve. In
general, we can say the following.

Lemma 4.4. If D € |— Kz|, then a general fiber F of ¢ : W — P! is a Calabi—Yau
manifold, that is, wp ~ Op and h*(F,Op) =0 for 0 <i < dim F.

Proof. Since D € |—Kz|, we have Ow (F) ~ Ow (—Kw) by (@1)). So by adjunction,
wr =~ Op, and also we have the exact sequence
00— ww — Ow — Op — 0.
Since W is rationally connected, we have
AU WL, ) = KW, Ow) = 0

for i > 1. Hence h'(F,Ofr) = 0 whenever 1 <i < dimW — 2 =dim F — 1. O
4.2. The fiber product X = Wi xpiW5. We are ready to generalize Schoen’s
construction and obtain Calabi—Yau pairs in arbitrary dimension. For ¢ = 1,2, let
Z;, D;, W; be as in §11 We denote by ¢; : W; — P! the associated fibration, and
recall that it has a section.

Denoting by S; the images of the singular fibers of ¢; in P!, we assume S; NSy =
@. Moreover, if ¢1 : W7 — P! and ¢» : Wo — P! are two rational elliptic surfaces
with sections, we require that the elliptic curves gbl_l (t) and @5 1(t) are non-isogenous

for a general point t € P*.
We consider the fiber product over P*

X=W1 Xp1 W2
% K

Wl ¢ W2 .
T

As S1 NSy = @, the variety X is smooth.
One can also regard X as a complete intersection in P! x Z; x Z5 of two hyper-
surfaces in the linear systems

|Op1(1) X Oz, (D1) K Og,| and |Op1(1) K Oz, K Og,(D2)|,
respectively. In particular,
(4.2) Ox(—Kx)=(0Op ROz (—Kz, —D1)X Oz, (—Kz, — D)) |x
is globally generated. In particular, — Kx is effective.

Definition 4.5. The smooth projective variety X constructed above is called a
Schoen variety. A pair (X, A) is called a Schoen pair if A is an effective Q-divisor
such that Kx + A ~q 0.
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As —Kx is effective, any Schoen variety X underlies a Schoen pair (X, A). By
definition, any Schoen pair (X,A) is Calabi—Yau in the sense of Definition 211
Moreover, there exists a positive integer m such that

1
(4.3) A=A, x=—A] y, where Al €|—mKx]|.

mom :
Note that the pair (X, A) is klt if m > 2 and A} € | — mKx]| is general.
Lemma 4.6. Any Schoen variety X is simply connected.

Proof. The proof is similar to [33, Lemma 1] and [35, Lemma 2.1].

Let U C P! be the open subset over which the morphism ¢ : X — P! is smooth
and set V := ¢~ 1(U). The natural map ¢|y : V — U is topologically locally trivial
with a fiber, say F. Since both ¢; and ¢, have sections, ¢ : X — P! also admits a
section o : P! — X. Consider the commutative diagram

1 1 (F) m (V) ‘ﬁim(U) —1
|

7T1(X) S Fl(Pl).
Here the first row is exact by the homotopy long exact sequence. By a diagram
chase and the fact that 71 (IP!) is trivial, it is enough to check that the image of ; (F)
in 71 (X) is trivial. Write F' = Fy x Fy, where F} is a general fiber of ¢; : W; — P!
for i = 1,2. Since m1(F) = m1(F1) x 71 (F2), it is enough to show that the image of
m1(F;) in 7 (X) is trivial, which we prove for ¢ = 1.

A section of ¢ : Wo — P! gives rise to a section s of p; : X — Wj. By
construction, the homomorphism 71 (Fy) — 71(X) is induced by Fy — W; >
X, thus factors through m(W;). Since it is rationally connected, W7 is simply-
connected, and hence the image of 71 (F1) in 1 (X) is trivial. O

Proposition 4.7. Suppose that D; € | — Kz,| for both i = 1,2. Then the Schoen
variety X is a strict Calabi—Yau manifold (see Definition[2.3).

Proof. First of all, (£2) shows that Kx is trivial. Since X is simply-connected by
Lemma [£6] it remains to show that h?(X,Ox) =0 for 0 < p < dim X.

Lemma 4.8. Let g : X — Y be a surjective morphism between smooth projective
varieties. Assume that a general fiber F' of g is a Calabi—Yau manifold and that
wyx = Ox. Then for every integer i > 0, we have

wy, if i =dimX — dimY,

0, otherwise.

Proof. Set r := dimX — dim Y.

Since Rig.wy = Rg,Oy is reflexive by [I7, Theorem 2.1.(i)] and [18, Corollary
3.9], and since HY(F,Op) = 0 for all 0 < ¢ < r and dim HY(F,Op) =1 for ¢ =0
or 7, we have

an invertible sheaf, if ¢ =0 or 7,

0, otherwise.

ng*ODC = {
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By Grothendieck—Verdier duality [I4, Theorem 3.34], we have
Rg.wx ~ RHom(Rg.Ox,wy[—T]).
The Grothendieck spectral sequence then gives
EY ™% := ExtP (R1g,.Ox,wy) = RP™ 1" g wy.

(See e.g. [14, Example 2.70.ii)].) So EY ™7 # 0 only if (p,q) = (0,0) or (0,r), and
Lemma g follows. O

Let w; := dim W;. Since a general fiber of ps, i.e. of ¢, is a Calabi—Yau manifold
by Lemma .4 we can apply Lemma to po : X — Ws and obtain

. Ow,, if 7 =0,
Ripswx = § ww,, if j =dimw; — 1,
0, otherwise.

It follows from [18, Corollary 3.2] that
h’p(Xv wX) = hp(WQa OW2) + h’piuqul(WQa wW2)
for all 0 < p < dim X. Since W is rationally connected, this is zero unless p = 0
or wy +wy —1 =dim X. O
5. APPLICATION TO THE CONE CONJECTURE

In this section, we prove Theorem
We have defined Schoen pairs (X, A,, x) in Section[] arising from fiber products

X:W1 X[plWQ

Wl [ W2 .
k %

Lemma 5.1. Any line bundle L on a Schoen variety X can be written L = pj L ®
p5La, where L; is a line bundle on W;.

Pl

Proof. Let p € P! be a general point and let Fj := (bi_l(p) C W;.
Claim 5.2. The map
U : Pic(F1) x Pic(Fy) — Pic(Fy x Fy)

defined by (L, M) = LX M is an isomorphism.
Proof. First suppose that either Wi or W5 is not a rational elliptic surface. Since
HY(F;,0Fp,) = 0 for at least one i € {1,2}, Claim follows from [I3, Exercise
I11.12.6].

Assume now that W; and W5 are rational elliptic surfaces. Then F} and F5 are

elliptic curves, and we have a short exact sequence of abelian groups [2] Theorem
11.5.1]

0— PlC(Fl) X PIC(FQ) EI—) PlC(Fl X FQ) — HOHl(Fl,FQ) —0
where Hom(F}, F3) is the group of homomorphisms of group varieties F; — Fs.

Since p € P! is general, the elliptic curves I} and F» are non-isogenous by our
definition of Schoen varieties. Thus Hom(Fy, F5) = 0, which proves Claim O
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Let L be a line bundle on X. Claim [5.2] implies that

Lip-1(p) =2 Lip xfuy B Li{u}x By

for any points u € F, and v € F}.
For each i = 1,2, we choose a section s; : P — W; and let o; : W; — X be the
induced section:

0’1(11)1) = (w1,52(¢1(w1))) e Wy xpr Wa,

and similarly for oo. We have

Lig—1) = Lipix (s o)} B Ligsa (o)} x P2

~ (UTL)|F1 X (USL)\FQ

~ (pioi L @ p303L) |41 (p)-
Since p € P! is general, by [13, Exercise I11.12.4]

L ~ pioiL ®ps05L ® Ox (D)

for some divisor D whose support is contained in a finite union of fibers of ¢ : X —
P!. Since the subsets Sy, So parametrizing singular fibers of ¢ and ¢ respectively
are disjoint, the subsets paramatrizing reducible fibers are disjoint as well. Hence,
an irreducible component R of a fiber of ¢ is of the form p} R’ where R’ is a multiple

of an irreducible component of a fiber of ¢; : W; — P'. Applied to the irreducible
components of D, that yields that

Pic(W1) x Pic(Wa) 2222 Pic(X)

is surjective. (Il

Lemma 5.3. For every D € Nef(X), one can write D = piDy + p3Da, where
D, € Nef(W;).

Proof. Lemma, follows from Lemma 5.1 which by R-linearity, yields the decom-
position at the level of N1(W)g, and Theorem [[4l O

Theorem 5.4 (= Theorem [LA). Let (X,A) be a Schoen pair. Then
Nef(X) = NefT(X) = Nef®(X),

and moreover, there exists a rational polyhedral fundamental domain for the action
of Aut(X,A) on Nef®(X).

Proof. Since Nef(W;) = Nef™(W;) = Nef¢(W;) by Proposition B3, we have, by
Theorem [ and Lemma[5.3, Nef(X) = piNef ™t (W) +psNef ™ (Wy) € Nef™(X), so
Nef(X) = Nef"(X). Similarly, we have Nef(X) = Nef®(X). This proves the first
assertion.

Define the subgroups H; < Aut(W;) by

o - Aut(W; /PL), if W; is a rational elliptic surface,
" | {idw,}, otherwise.

Then there exists a rational polyhedral cone II; C Nef+(Wi) such that H; - 1I;
contains Amp(W;). Indeed, the case where W; is a rational elliptic surface with
— Ky, semiample follows from [36, Theorem 8.2], and the other cases follow from
Proposition
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We want to show that Hy x Hy < Aut(X,A). Note that there exists a positive
integer m such that

1
A=A, x=—A
X m m,X

for some A € | - mKx]|.

We now claim that Hy x Hy < Aut(X, A;n)X). Indeed, if neither W, nor Wy is
a rational elliptic surface, then H; x Hj is trivial by definition. If both W; and
Wy are rational elliptic surfaces, then A/ = 0 and clearly, H; x Hy < Aut(X).
Finally, if one of the W;, say Wi, is a rational elliptic surface, and the other, say
Wa, is not, then Ox (—Kx) ~ p5Ow,(—Kz, — D2). Since ps is proper surjective
with connected fibers, the pullback p3 induces an isomorphism

HO(Xap§OW2 (_m(Kzz + DQ))) = HO(WQa OW2 (_m(Kzz + DQ)))

So A}, x = p3A}, w,, for some divisor A} € [Ow,(—m(Kz, + D2))|. Since
Hy = {idw, } in this case, it follows that A} y is invariant under Hy x Hz. This
proves the claim.

It then follows from Corollary B.7 that Nef®(X) = Nef"(X) has a rational poly-
hedral fundamental domain IT for the Aut(X, A)-action. O

Remark 5.5. In [12], the authors verified the Cone Conjecture for a strict Calabi—
Yau threefold X = Wy xp1 Wy, where both W, are rational elliptic surfaces with
section, each of whose singular fibers is an irreducible rational curve with a node,
and two generic fibers are non-isogenous.

Our proof bypasses the identification shown by Namikawa [28, Proposition 2.2
and Corollary 2.3]

Aut(X) = Aut(W7) x Aut(Ws),

an identification that was crucial in [I2] due to the lack of Looijenga’s result (Lemma
24) at that time.

Example 5.6. Assume that dimZ; = 2 and Wj is a general rational elliptic
surface obtained by a pencil of cubic curves in P2. Then Nef(W;) admits infinitely
many faces, and so does Nef(X) by Lemma [51] and Corollary If in addition
Dy € | — Kgz,|, then the Schoen variety X is a strict Calabi-Yau manifold by
Proposition [£71

Corollary 5.7. Let X be a Schoen variety. Then moAut(X) is finitely presented
and there are at most finitely many real structures on X up to equivalence.

Proof. The linear action p : Aut(X) — GL(N'(X)) induces and factorizes through
an action

p: moAut(X) — GL(NY(X)).
We let Aut™(X) = p(Aut(X)) = p(moAut(X)).
Choose an effective Q-divisor A on X such that (X,A) is a Schoen pair. By
Theorem [, there exists a rational polyhedral cone IT C Nef*(X) such that

Amp(X) C Aut(X,A) - TI C Aut™(X) - 1L

It follows from Proposition [Z.3] that there is a rational polyhedral fundamental
domain for the Aut*(X)-action on Nef™(X) and the group Aut*(X) is finitely
presented.
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Since Ker(p) is finite by Fujiki-Liebermann’s theorem [5, Corollary 2.11], the
first claim follows from [I5, Corollary 10.2]. The second statement follows from
Theorem [5.8 below. O

Theorem 5.8 ([9, Theorem 1.5]). Let V be a smooth complex projective variety.
Assume that there exists a rational polyhedral fundamental domain for the action of
Aut(V) on Nef (V). Then the set of non-isomorphic real structures of V is finite.

(1]

[2

(3]

[4

(5]

[6

(7]
(8]
[9]
[10]

[11]
[12]

[13]
[14]
[15]
[16]
[17]
18]

[19]

[20]

21]
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